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Abstract 

This paper is concerned with the problem of stable diffeomorphism 
classification of 4-manifolds obtained using the surgery on loops. The 
main theorem states that under the assumption that the normal 1-type 
of two 4-manifolds in question is the same, the only classifying invariant 
is the signature. In particular, in some cases, any two closed smooth 
4-manifolds with a given fundamental group, obtained by the standard 
construction, are stably diffeomorphic. This paper is an outgrowth of [7J. 

1 Introduction 

A well known theorem states that for any finitely presented group tt and n > 4 
there exists a smooth compact connected n-manifold whose fundamental group 
is isomorphic to tt. The construction starts with arbitrary presentation V of tt. 
Then the surgery is performed on 

(S 1 x x S*™- 1 ) 

along loops representing the relations of V . The Seifert-Van Kampen theorem 
implies that the obtained manifold has fundamental group isomorphic to tt. 

The manifold obtained by the construction will depend on the presentation 
of tt and framings chosen during the surgery. In order to classify these manifolds 
one has to take care of all the data, improve the construction and make it more 
precise. This is done in section|4]for n = 4, where the construction of 7r-realizing 
surgery on loops is denned. 

In 1960's C.T.C. Wall proved in [13] that two smooth closed simply-connected 
4-manifolds which are h-cobordant become diffeomcrphic after taking the con- 
nected sum with a number of copies of the product S 2 x S 2 . This leads to the 
notion of stable diffeomorphism. 

Definition 1.1. Let M and N be two smooth manifolds of dimension 2n. We 
say M and N are stably diffeomorphic if there are two positive integers k, I and 
a diffeomorphism 

/: M#k(S n x S n ) -> N#l[S n x S n ). 
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The stable diffeomorphism relation played an essential role in the later de- 
velopments of the 4-manifold topology. For example from the results of Wall 
and Milnor, contained in [T3] [BJ, one can deduce that any two closed smooth 
simply connected 4-manifolds with the same homotopy type are stably diffeo- 
morphic. In particular any closed smooth simply connected 4-manifold has a 
unique smooth structure up to stable diffeomorphism. This results was gener- 
alized by other authors. For example Gompf in [3] proved that the conclusion 
about the stable uniquness of the smooth structure holds for any fundamen- 
tal group. J.F. Davis proved in [2] that if a group tt satisfies certain algebraic 
condition then homotopy equivalence implies stable diffeomorphism for mani- 
folds with fundamental group isomorphic to tt. It is also worth mentioning that 
Quinn proved in [8] that s-cobordant 4-manifolds are stably diffeomorphic. 

The main result of this paper reads as follows (for the definition of normal 
1-type see def. 12. ip : 

Theorem 1.2. Let Tt be a finitely presented group. Two closed connected ori- 
entable smooth A-manifolds obtained by ix-realizng surgery on loops with the same 
normal 1-type are diffeomorphic if and only if the signature of both manifolds is 
the same. 

Example 1.3. Suppose that we chose two finite presentations V\ and V2 of a 
fixed group tt. Let Mi = #&i(S 3 x S 1 ) and M 2 = #fc 2 (<S 3 X S 1 ), where k x and 
fc 2 are the numbers of generators in V\ and V2, respectively. 

The normal 1-type of even 4-manifold with fundamental group tt is deter- 
mined by a cohomology class w £ H 2 (tt; Z/2). Two classes wi,W2 £ H 2 (tt; Z/2) 
define the same normal 1-type if there exists an automorphism (j) : tt — > tt such 
that 

4>*W\ = U>2- 

In our case for any cohomology class w £ H 2 (tt; Z/2) the tt- realizing surgery on 
loops can be performed on Mi and M 2 such that the normal 1-type corresponds 
to w. 

Letwi,w 2 £ H 2 (tt;Z/2) and Y(Mi, Vi, Wi), Y(M 2 ,V2,w 2 ) denote the result 
of the 7r-realizing surgery on loops performed on Mi and M 2 , respectively. The 
normal 1-type of Mj is corresponds to the class Wi for i = 1,2. Theorem 11.21 
implies, due to the equality of signatures, that Y{M\, V2, wi) and Y{M2 1 T J 2 1 W2) 
are stably diffeomorphic if and only if there exists an automorphism (f> of tt such 
that 

4>*Wi = W 2 . 

Example 1.4. Let M[ = A/i#CF 2 and M 2 = M 2 #CP 2 , where M 1 and M 2 
are the same as in the previous example. For odd 4-manifolds the normal 1-type 
is determined by the fundamental group. Thus if Y(M[,Vi) and Y{M! 2l V2) are 
always stably diffeomorphic. 

The paper is organized as follows. In section [2] the normal 1-type is defined. 
This concept is essential for controlling changes made during the construction. 
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It is also a starting point of the modified surgery of Kreck, see [2J . The advan- 
tage of using the normal 1-type comes from the Kreck's stable diffeomorphism 
theorem (thm. 15.11) . One reduces the problem of stable diffeomorphism classifi- 
cation to the algebraic problem of computing the bordism groups of the fibration 
representing the normal 1-type. 

In section [3] the construction of the James spectral sequence is described. 
This spectral sequence was originally constructed by Teichner in [11] . The 
James spectral sequence plays a crucial role in later considerations. 

Section U describes the surgery on loops under circumstances needed in this 
paper. 

Section [5] contains the proof of the main theorem 11.21 

2 Normal 1-types 

Definition 2.1. Let k <G N and p: B k — » BSO be a fibration. We say that p is 
k-universal if the homotopy fibre of p is connected and the relative homotopy 
groups iTi (p) vanish for i > k + 1 . 

Let M be a manifold with a ^-structure, i.e. the normal Gauss map 

v: M -» BSO 

admits a lifting v to Bk- The map V is called k-smoothing if it is a (k + 1)- 
equi valence. 

Definition 2.2. Let M be a closed connected and oriented n-manifold. The 
normal k-type of M is the fibre homotopy type of the ^-universal fibration 

B k BSO, 

such that there exists a fc-smoothing of M 



M > BSO 

In this paper we will be mostly interested in normal 1-types of 4-manifolds. 
To construct a fibration, which represents the normal 1-type of a given 4- 
manifold M we have to consider two separate cases. 

First suppose that W2(M) ^ 0, where M is the universal covering space of M 
and W2 is the second Stiefel- Whitney class. 

Definition 2.3. A 4-manifold M is said to be odd if its universal covering space 
is not a spin manifold. 

In this case the normal 1-type of M is represented by the following fibration. 
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BSO x K(m(M),l) 




Here u: M — > ^(^(M), 1) is the classifying map for the universal covering. 

Definition 2.4. A 4-manifold is said to be even if its universal covering space 
is a spin manifold. 

Let M be even and let u: M — > K(m(M), 1) classify the universal covering. 
Consider the following lemma. 

Lemma 2.5. Suppose M is a finite CW-complex and let A be a trivial Ztti(M)- 
module. Then the following sequence is exact 

-> H 2 (m(M),A) 4 H 2 (M, A) 4 # 2 (M, A). 

Proof. Start with the following exact Z7ri (M)-chain complex C: 

C 2 (M) -> Ci(M) -> C (M) -> Z -> 0. 

It can be extended to an acyclic Zm (M) chain complex C of projective modules. 
The short exact sequence of chain complexes 

-> C -> C -> C'/C -> 

yields the following exact sequence 

-> hom Z7ri(M) (C'/C, A) ->■ hom Z7ri(M) (C, A) ->■ hom Z7ri(M) (C, A) -> 0. (1) 

The snake lemma gives the long exact sequence in cohomology. Consider the 
following part of this exact sequence 

0^ H 2 (m(M),A) ^ x Ay (2) 

where 

X = cokcr (hom Z7ri(M) (Ci(M), A) -> hom Z7ri(M) (C 2 (M), A)) 
y = kcr (hom Z7ri (M) (C 3 , A) ->■ hom Z7ri (M) (C 4 , A)) 
Chain complex C is acyclic, thus there exists a diagram of exact sequences. 

c 4 c 3 9 > C 2 (X) — > C 2 (X) 

\ / 
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The diagram above implies the following equality 

ker (hom Z7ri(M) (C3, A) ->■ hoiR Z7Tl(M) (C' 4 ,A)) = hom Z7ri (M) (Z 2 (X), A). 
We have 

Z 2 (X,A) ={cj>e hom z „ l(M ){C 2 (M),A): B 3 (X) c ker0} c 

C hom Zni(M) (C 2 (M),A). 

Examination of the exact sequence ([I} shows that the connecting homomor- 
phism 8 is equal to hom(<9, ^4). Thus 

Im(S) = hom Z7ri(M) (Z 2 (X), A) C hom Z7Tl{M) (C' 3 , A) 

and 6 is equal to the restriction to 

^ <l>\z a (xy 

Consequently ([2} becomes 

-> H 2 (tti(M), A) -> H 2 (M,A) -4 hom Z7ri(M) (Z 2 (X),^). 

Now the image of / consists of those homomorphisms </>: Z 2 (X) — > A which 
vanish on B 3 (X). Thus 

Im(/) C hom Z7ri(M) (Z 2 (X)/S 3 (X),^) C 

C hom z (Z 2 (X)/B 3 (X),A) C H 2 (X,,4). 

Consequently we obtain the following exact sequence 

-> H 2 (tti (M) , A) -> H 2 ( M , A) ->• i? 2 (M , A) . 

□ 

Remark 2.6. It is obvious that spin manifolds are even, however the reverse 
implication is not true in general. Nevertheless sometimes it can be reversed. 
The next corollary follows easily from lemma \2~E\ 

Corollary 2.7. The class of even 4- manifolds with fundamental group it is 
equal to the class of spin 4-manifolds with fundamental group tt if and only if 
H 2 (tt;Z/2) = 0. 

From the lemma 12.51 we can conclude that there exists a unique class w £ 
H 2 (ir,'E/2) such that u*w — w 2 (M). Consider now the following pullback 
square. 

B(w,w) > K(w, 1) 

W 

Wo 

BSO > iT(Z/2, 2) 
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Proposition 2.8. The fibration B(tt,w) — > BSO from the diagram above rep- 
resents the normal 1-type of M. 

Proof. Two maps u and v determine the lifting v: M — > B(tt, w) of the normal 
map v by the universal property of the fibration. Observe now that BSpin is 
the homotopy fibre of the map B(n, w) — > K(tt, 1), which implies that this map 
induces an isomorphism on 7Ti and TT2- The map u is a 2-equivalence, thus V must 
be a 2-equivalence. Additionally the homotopy groups of the homotopy fibre of 
the map B(n,w) — > BSO vanish in dimension greater than 1. This proves that 
B(ir, w) — > BSO is a 1-universal fibration and V is a 2-smoothing. □ 

Remark 2.9. The proposition 12 . 81 implies that for even 4-manifolds the normal 
1-type is determined by the fundamental group 7r and a certain cohomology 
class w G -ff 2 (7r;Z/2). Is is easy to check that two pairs (7Ti,u;i) and (772,^2) 
determine fibre homotopy equivalnet fibrations if and only if there exists an 
isomorphism <f>: -k\ — > 7T2 such that 4>*W2 = w\. 

3 The James spectral sequence (JSS) 

The proof of the main theorem requires some knowledge of the bordism group 
£74(i3, 7r, w) of the 1-universal fibration B(ir,w) — > BSO. When w = this 
group is isomorphic to the spin bordism group of the classifying space K(tt, 1) 
and we can use the classical Atiyah-Hirzebruch spectral sequence to extract the 
necessary information. To deal with the case when w ^ we need the James 
spectral sequence, which was constructed by Teichner in [llj . We will briefly 
describe the construction. 

Suppose that h is a generalized homology theory s.t. hi(*) = for i < 0. 
Let F — >• B — > K be an /i-orientable fibration. Consider a stable vector bundle 
£: B — > BSO. Using the pullback construction one can construct a sequence 
of spaces B n and vector bundles £„ : B n — > BSO(n) such that the following 
diagram is commutative for each n= 1,2,... 

B n > B n+ i > B 

in £n + l 

BSO(n) * BSO{n + 1) ► BSO 

Choose arbitrary n, then there exists a relative fibration 

(D n ,S n - 1 )^(D(^ n ),S^ n )) P AB n , 

where D(£ n ) and S(£ n ) denote the disk and the sphere bundle of £ n . Composi- 
tion of p n and the map B n — > B — > K yields another relative fibration. 

(£>(£„) k,S(£„)k) -> (D(Z n ),S(Z n ))^K, (3) 
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Here F n is a homotopy fibre of the fibration 

F n -> B n -> X. 

Consider the relative Serre spectral sequence for the fibration ([3]) and homology 
theory h 

n El q = H p (K,h q (D(£ n )\ Fn ,S(Z n )\ Fn )) =}. ft p+g ((£>(e„),S(e„))). 
Twofold application of Thorn isomorphism 



k,S(£„)| F J 4 fc,(F„) 4 /i, +n+1 ((£>(e„ .©R^k.s^©! 1 )!^)) 



gives the identification (modulo the vertical shift) of the Serre spectral sequence 
for and © M 1 . Consider now the following commutative diagram of vector 
bundles. 



n+l 



B n +i 



It yields a morphism of spectral sequences n E — *- n +i£J. To be more precise for 
each n and r there exists the following commutative diagram. 



,EZ 



i p— r,q+r— 1 



rpr 



-> n+l-^p— r.o+1 — 1 



Passing to the limit over all possible diagrams simultaneosuly we obtain a new 
spectral sequence 

E = ]im( n E). 

n 

Exactness of the colimit functor implies that E is indeed a spectral sequence. 
To identify the E 2 page consider the following limit 

lim(n££„) = UmH p (K, h q (D(£ n )\ Fn ,S(£ n )\ Fn )) = 

n n 

= H p (K,limh q (D^ n )\ Fn ,S(^ n )\ Fn )) = 

n 

= H p (K,limh q {Th{Z n \ Fn ))) = 

n 

= H p (K,h q (M^\ F )), 
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where T7i(£ n ) is the Thorn space of and M£ is the Thom spectrum of the 
stable vector bundle £. Exactness of the colimit functor and the fact that n E 
are first quadrant spectral sequences implies that 

£~ = lim( n 25~ ). 

n 

Additionally the graded object of the spectral sequence E is isomorphic to 
\imh p+q (D(Z n ),S(Z n )) = lim h p+q (Th(^ n )) = h p+q (M(). 

n n 

Thus we obtain the following proposition. 

Proposition 3.1. Let F — > B — > K be a fibration and B — > BSO be a stable 
vector bundle. Suppose that h is a generalized homology theory whose coefficients 
vanish in negative dimensions. Then there exists a spectral sequence 

El q = H p (K,h q (M£\ F )) => h p+q (M£). 

Furthermore this spectral sequence is natural with respect to the maps of fibra- 
tions. 

Let now £ : B(w, w) — > BSO be the 1-universal fibration. By the construction 
there exists a fibration 

BSpin^ B(ir,w) 4 K(n,l). 

Additionally the composition £ o i is the classifying map for the universal bundle 
over BSpin. Thus applying the James spectral sequence to the above fibrations 
with h — ir s we obtain the following spectral sequence 

El q - H p (K(n,l),n s / m ) =► n p+q (B(7r,w)). 

4 7r-realizing surgery on loops 

First suppose that we are given a pair (ir\, w\), where m is a finitely presented 
group and w\ G H 2 (iri,Z/2). Using this data one can construct a 1-universal 
fibration over BSO as a pullback of the following diagram. 

B(tt 1} w 1 ) > K(tt\, 1) 

w 

BSO > K(Z/2,2) 

Let (ir 2 , W2) be another such pair and suppose that there exists an epimorphism 
ip: 7Ti — > 7T2 such that w\ — ip*W2- Then by the universal property of the 
pullback there exists a map of fibrations 

B(7Ti,u;i) -4 B{tT2,W 2 ) 
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Suppose now that M is a smooth, closed, oriented, even 4-manifold whose nor- 
mal 1-type is fibre-homotopy equivalent to B{-K\,w\) — > BSO. Let 

v: M — > B{tt\, wi) 

be the lift of the normal Gauss map. Then the composition 

ip# oV: M — > B{-K2,W2) 

is a normal map. We can perform surgery below the middle dimension on this 
map to obtain 1-smoothing Y(M,tp,W2) — * B(tt2,W2)- 

Definition 4.1. We say that manifold Y (M, ip, W2) was obtained from M by 
iT2-realizing surgery on loops of type I. 

Proposition 4.2. Surgery on loops of type I yields a homomorphism of bordism 
groups ip*: Cl4(B(iri,wi)) — > ^4(^(^2, W2)) 

Remark 4.3. To be precise one has to take care of the framings to be sure that 
the obtain manifold has the desired normal 1-type. If 7 : S 1 — >• M is an em- 
bedding whose homotopy class represents one of the relations, then the framing 
of the stable normal bundle of the loop gamma comes from the nullhomotopy 
H of the composition ip# o 77 o 7. If we take different nullhomotopy H' , then 
these two maps determine a map S 2 —± B(tti,Wx). However it is easy to check 
that "K2{B(%i, Wi)) = 0, which implies that any two nullhomotopies are homo- 
topic relative to the boundary, thus the homotopy class of the stable framing is 
uniquely defined. 

In the odd case the surgery construction is analogous. Let Y(M,ip) be the 
result of the construction performed on M using the homomorphism %\). 

Definition 4.4. We say that Y(M,ip) was obtained from M by ^-realizing 
surgery on loops of type II. 

Proposition 4.5. Ifip: %x -^1^2 is an epimorphism, then the surgery on loops 
yields a homomorphism of bordism groups 

V>* : ni°(K(m, 1)) -> Q$°(K (tt 2 , 1)). 

5 Stable classification of 4-manifolds 

Using the Kreck's modified surgery [4] one can give a sufficient condition for 
two manifolds M and N to be stably diffeomorphic. 

Theorem 5.1. Suppose M and N are two smooth, connected and closed 2q- 
manifolds with the same normal (q — l)-type B q ~ x — > BO, q > 2. If (M,Vm) = 
(N,Vn) in ^l^q j then M and N are stably diffeomorphic. 

Theorem 15.11 yields the following corollary. 
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Corollary 5.2. Let Mi and M 2 be two 4-manifolds whose normal 1-type is 
fibre- homotopy equivalent to B(tti, wi) —> BSO. Let ip : tt± —> 7r 2 be an epimor- 
phism of finitely presented groups and w 2 € H 2 (tt2, Z/2) such that Wi = ifj*W2- 
Then Y(Mi, ijj, W2) and Y(M2,ip, W2) are stably diffeomorphic if and only if 

[Mi,P^]-[M 2) I7^] Gker(V>*: ^4(^(^1,101)) fi^Bfra.tife))). 

In order to prove the main theorem one has to investigate the properties of the 
homomorphisms from propositions 14.21 and 14.51 

Proposition 5.3. Let tt be a finitely presented group. Let tp: F a — > tt be an 
epimorphism. Then the homomorphism ip* : il 4 pm [K(F a , 1)) — > Cli(B(TT,w)) is 
infective. For any two epimorphisms tpi- F ai i = 1,2, we have 

im ((V>i)*) = im ((^2)*) ■ 

Proof. The proof uses the naturality of the JSS. First observe that H p (F a ) = 
for p > 2 and n^ pm = 0. Thus Ef 3 = E 2 2 = E\ x = Ej fi = 0. Naturality of 
the JSS implies that im(ip*) C Eq° 4 = Efi 4 = flf pm . The edge homomorphism 
corresponding to this entry is given by the signature. □ 

As a corollary we obtain the following theorem. 

Theorem 5.4. Let ir be a finitely presented group andw G H 2 (ir,'Z,/2). Choose 
two presentations ofir and let ipi : F kl — > tt and ip2 ■ Fk 2 — > tt be homomorphisms 
induced by these presentations. Choose two spin 4-manifolds Mi and M 2 such 
that 7T! (Mi) = F kl and tti(M 2 ) = F k2 . Then Y(Mi,ipi,w) and Y(M 2 , tp2, w) 
are stably diffeomorphic if and only if a (Mi) = a(M 2 ). 

Remark 5.5. It is natural to ask whether every even 4-manifold with funda- 
mental group tt, is stably diffeomorphic to a one obtained from a spin manifold 
with free fundamental group. The answer to this question is no. If an even 
4-manifold is stably diffeomorphic to one obtained by the 7r-realizing surgery on 
loops from even 4-manifold with free fundamental group, then Rochlin's theo- 
rem implies that the signature is divisible by 16. According to the main theorem 
from [12] if H 2 {tt; Z/2) ^ then there exists an even 4-manifold with fundamen- 
tal group isomorphic to tt and signature equal to 8. Even when H 2 (tt; Z/2) = 
there are other obstructions coming from the other bordism invariants. 

In the odd case we have the following lemma. 

Lemma 5.6. There exists an isomorphism 

fif °{K{tt, 1)) Z 9 H 4 {K(tt, 1); Z) 
(MJ)^(a(M)J4M}). 

Proof. The lemma follows easily from the investigation of the Atiyah-Hirzebruch 
spectral sequence. Indeed notice that fif = fif = Sl§° — implies that 
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E\ 3 = E\ 2 = £Jf 1 = 0. Thus there are no nonzero differentials. Therefore we 
obtain the following exact sequence. 

-> nf° -> fif°(#(7r,l)) -> iJ 4 (7r;Z) -> 0. 

However the constant map J£T(7r, 1) — > * induces a map on the bordism groups 
which splits the inclusion flf° — > Slf ^^, 1)). Also one can show that the 
cpimorphism Qf°(K(ir, 1)) — > H^-k;!?) is the Hurewicz map. □ 

Corollary 5.7. Let ip: tt\ — > 7T2 be an epimorphism. Then the following dia- 
gram is commutative 

fif^TTi, 1)) — > ni°(K(TT 2 , 1)) 



Z©if 4 (^(7Ti,l),Z) Z©ff 4 (i^(7r 2 ,l),Z) 

In this diagram the ^/>* homomorphism occurring in id ®ip* is the homomorphism 
induced by ip on homology of K(ttx, 1) and K(tt2, 1). 

Corollary 15.71 yields the following theorem. 

Theorem 5.8. Let Mi and M2 be two odd 4- manifolds with fundamental group 
7r. Then Y(M\,ipi) and Y(M2,ip2) are stably diffeomorphic if and only if 
er(Mi) = a(M 2 ) and (V>i)*[Mi] = O2MA/2]. 

Remark 5.9. From the corollary 15. 71 it is easy to deduce that the map 

?A* : nf°(K(F a , 1)) nf°(K(7r, 1)) 

is surjective if and only if iJ 4 (7r;Z) = 0. Thus every odd 4-manifold with 
fundamental group ir is stably diffeomorphic to one obtained by the surgery on 
loops from a manifold with free fundamental group if and only if H^fjr; Z) = 0. 

Now theorems 15.41 and 15.81 cover even and odd cases, respectively, of the 
proof of the main theorem II .21 
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